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6, Introduction. This paper constinnes a summary of the avthors PRI thesis [Ki

cell complexes,
in section two the results of seciton one are applied in special instances w construct s
new invariant which is a parametrized analogue of Reidemeisier torsion. This invariant

rakes values in z certpin subguotient of higher algebraic K-groups of e complex numbers.

1. Manifold bundies and families of cell complenss. Suppose piE - B is a bundle
over s finite CW complex having compact smooth manifold fibres. Consider a continuous
function f on B whose reswiction to each fibre of p is a smooth funciion with no degenerate

1 1a
ilz

crivical posnts, Thea £ is 3 family of Morse functions parametrized by poinis of B.
the unparamemized case, that is, when B is a point, a classical procedure [M] shows how 10

constract from f 2 finite cell complex Y having the homotopy type of E. in which the

number of cells of ¥ i3 egual 1o the number of oritical pons of £

s

However, the usual method of assigning the cell complex Y 1o the functon 11

[2

ambiguous unless exira dam is chosen {e.g. 2 Rizmannian meuic, local coordinales,
deformation retractions eic.). It would therefore be natural 10 ask whether or not the setof
cell complexes associsted with 2 given Morse function forms a contractible space.
Unfortunately, this is #or woe {or the standard construction ML

By a different, coordinaie free approach we prove,

b3 is nos siways wua thas such 3 function always exisis o0 & given pundle piE % B. A nocessary, but not

sufficient ohstruciion when B is simply connccted s that theze should be 2 section of o
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sooth manfold and DN -+ B 15 5 Morse function, then there is

Thoeorem A, H NG

a contractible gpace OO0 which s munnsically defined in torms of ™ oand § and which bhas

comples ¥ ariu

the property that sach po L5 unmiguely detormings a g

ey R

BMow consider tha case whea B is any finie OW comples. We adidress the question of

le or not to naturally associaie 1 3 manifold bundle pE — B iogether

whather it is poss
with a fibre-wise Morse function DR — B, a bundie of celf complexes pursmetnized by
points of B, By this, we mean & fbration at¥ — B such that for each b 2 B the fibre ¥y, =
m-i{h) has the structure of & finite cell complex in such a way that the atisching maps for

the cells of Yy, vary continuousiy with mspect to b g B. By the theory of classifying
spaces, i turns oul that 118 sufficien o answer this question in the universsl case, Le,

foor the bundle,

where M i3 the fibre over the Dasepoint of | . ts a group of diffeomorphisms
EG is a free, contractable $-space, TR(NG 15 the space of Morse functions on M {with the
Whitney U7 topology), and B™G deaotes the Borel construction QGA{E}S’Q{%‘ Mot that
thiz bundie is equipped with a universal fibre-wise Morse function §, defined by {0, fin)

= L 3 - z 5 . B
& finy C@mﬁquemiy? the space BP0 may be viewed as s classifving space for bundlas

with Morse functions. A positive answer is then provided by the following:
Theorem B. There is 2 space BG and a forgeiful map FiBYG — BRG gueh thar
{i} F is a weak homotopy equivalence, and
(iy each pamz b g BYG with F(b} = (.7} £ EG*5 TR0 = B® G determines a cell

complex Yy, associated to the Morse fuaction f:N — H, and furthermore, Yy, varies

comtinuously with respect o be B-0L

The importance of theorem B 18 speiled out in the following coroliary:
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Corollary, IF0F ~ R s a fibre-wizse Morse function on a manifold bundle ok - B,
B =it : ’

ie w pertirb [ by Shomot

o vieid & fibre-wise Morse funcion g

then i1 1s always possiz

on pii = B having the property that there ex srametrized family of ce

o
o
@
il

ot
()
&
e
Iy
i

Y = B which is associaed o g

We skerch a rough outline of the proof of theorem B. 1
G-space C(N3, ogether with a aawral Geegquivan i ST

also & weak equivalence, such that the points of CIN) determine cell ,,mzy%mgb We may

then ser BY0 equal 1o the Borel contruction EG#oUN)L One mighe g priond gugss that
O is construcied in 2 sheaf-like manner from the space of Morse funotions MR (N by
defining the stalk of b over 3 Morse function f 1o be the space C(D of theorem Al

Howsver, the assignment { — ((f) uofortunately has the property that the cell complexes

in f,} do not pecessarily vary continuously with respect 1o the parameter f 2 SR{N), The
b P 7

i3 that cell complexes in U arise in part by choosing a set of

cal val

L
£
(=
ot
s

hat separaiz the collection of ot

ok sepurale the

tical poinis) torse functions, M is

i1, s a family of
§<}53é§3i® that the number of distinct critical values of {, is different for different 1. Henee the
sritical values may pass through eseh eiber. Conseguently, it might not be possible o
choose 3 cont naazjs}y varying set of rogular values ry(o.. 1y (8) thas separsre the critieal
values of I,
To resolve the discontinuity problem, Igusa’s sirotffication theorem [1); chaprer Il
appiied to the space TRAN). Let y:IM(N) — N be the function which assigns 10 a Morse
funenon  the difference batween s rumber of critical points and its number of crities

values., Then w defines a siratification of SR{N) by setting

single stratum, for, within a conn ected componeni of 2 5ira

the eritical values of functions is fixed, Inessen

of £(f) so that the cell complexes vary conunue

SR(N), and 1o then apply the swatification theorem to glue all of the sirata wogether.

Fora Izzzzsziaza fin the closure of a particular straturn, the aforesaid modification of Uf

is obtained by generalizing the concept of level surface. We choose a collecion of orieated
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{1y The M, ax

i 7
‘{%x_l i

n the

{13}

then the H, seporate conal pols

Lia{: that

hyvpersuriuces ¥ oars
{3

inpriorof B oan be o

& permurbation H( ny the condition that M {1} sepurates the

ritical b

2, Higher Reidemeister torsions, ociatng families of cell complexes

1 hundles with fibre-wise Morss funciion arnsegs from the problem of defining »

parameirized ¢ he classical B-torsion invariant of Franz, Reidemeister, and de

Rham. This é]iii:féii(}%i was first raised by Wagoner

ferpm— U

fundamenind group of a manifold

ATV Tepreseniation

EY

B, We assume that the homology of M in the local system defined by ¢ s ¢

ashing we thes o (el [Waly Iriss

that the olas it QU{?{"’? of the

K-group of L.

iet k be the kernel of g} and setm, = 4/k

Lot MiT, ) dencte the infinite monomial

subgroup of the stabilized general Hnser

group GLIT) = tmGLg(0). Taking classifying spaces and then plus constructions, we gat

a map E_%M{?ip}: — BGL(Q}". Let Wh,, (L) denote the if-homotopy group of the

¥

| }
nomotopy fibre this map, For 1 = 0, Wi, (@) is precisely the group in which the

slagsical Retorsion lves,

Now suppnse that 2 smooth manifold bu mE =+ B is given whose fibres are o-

We assume the structure group of p has the property that Its action on the {ibres of

int preserving and furthermore has the property that ihe induced action on

wental groups is mivial. Suppose that s fibre-wise Morse funcuon £ on p s given

¢

a Riernannian structure on the fibres of p. ¥ b e B, ler fy K, — K denote the

em in the | -parameter case.
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Fromming Q‘% for i

fibre of p over b,

£ the negaiive

nspuse of z..}"ib along the sir

f-fsfﬁi?r‘fz wige Morse fu

lpaon gl B Ao framing &,

for f, atevery point b B s glven which variss continuously with respect o the g

Consider the case of 3 p-acyelic bundie over the

phere: pE — 5%

framed Ghre-wise Morse fuszcz%a} €4y 1s glvenon p,

il

Theorem . (Migher R-torsion for framed fibre-wise Morse funciions), The wigle (p.0)

d

stermings a well defined cloment Winlgr £ Wh

o eslied

The proof of theoram O s deduced {roy 4 COnsUct

linearizaion which allows one 1o pass from an n-sarameter fumily of cell complexes o an

element of the group WP (@), In the unparametrized case 5 = U, this consiragy

5

coincides with the usual construction of the B-orsion from the cellular ¢hain complex

associated to the Morse function § (assuming that £ is seif indexing).

3. Reidemsister torsions for sl p-acyclic bundies. A silll unsetled guestion i3

whether it is possible o define invarians 19 for alf pracyclic manifold bundles over the a-

sphare, | will briefly mention how one might accomplish t et TN denoie the
i
space of framed Morse funciions on N with the Whimey % wopology, Then TN

G-space where (G Is the group of diffeomorphisms of N wﬁéc%: preserve the base-point and

which induce the idemity on fundamental groups. ?%%ﬁ proof of theorerm O above follows
fromn the construgtion of 2 homomerphism ™ ?"Mxé 5}< —+ WhP_ (@) Consequently,

+1 1

higher R-torsions can be defined for all bundles over spheres if ™0 can be extended 10

®,{BG) Ret Q{N) be the space o 55&*&;%5&?5&?;551’0 1o on M, Le., funciions having only

Morse and birth-death singularities together with framings of thalr critleal points (JE )

Tgusa's framed funciion theorem says that 2(N) has conpectivity equal w dimiMN; - 4

-

Tsing the G-action on (M) defined by precompesition, form the Borel consiruc ton BYG

iy}

- , E o .
= EG¥ -5 (N). Then BE}“ i is a subspace of B~ G, and the forgetful map B G = B has

* Irt verens of ool compleres, 2 framed funciion defines an expiick Euclidean coordinatization of the eells.
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MNism Nowith Mo% D for koo oo dstabilizarion), then the forgeiful

atl o I oorder o oonsirust an iowould be sulficienn o

e action (£ wivesrise wa fn

show how g i e i owith mily

£

5aY B

of call comple hero 51 sy 1o mclhude Whitchead elemenzary

5 and elementary exponsions in the transition between the fbres of ik — ,@q a4

13 reflecied by the existence of birth-death singulanities 1 the Tibre-wisze resirictions Cin

er with K. fgusa [I-K1, this program will be underiaken ?

on the machinery gm;@wmw The proofs in [K] a;;ﬁy

es for which on
of slgebraic K-theory of o spece called dhe expansion space,
12 in the proof

which i ¢ for cell complexes {I-W]1 The primary §

wm the modul of Mamiiold, framed Morse

iﬁ; i the expaéigi% space, We then show how i

i K-theory of the complex numbers. The highe

torsion s, by definition, the compogition of thege wo consiructions,
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Yadded remark: E. Igugs and I have recently shown by other methods
how define higher torsion invariants for all?waagﬁlia manlfold

bundlies.




