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0 Introduction

The problem of classification in terms of a finite list of invariants is a fundamental
question of knot theory. In 1970, Levine [L] gave an algebraic classification of
n-dimensional knots in $"*2? bounding r-connected Seifert surfaces, where
2r+1=n, n23. Levine showed that the only invariant which determines the
isotopy type of such knots is the homology Seifert pairing considered up to
S-equivalence. In the mid 1970’s, Kearton [K] and Trotter [Tr 1; Tr 2] obtained
the same classification in terms of the Blanchfield pairing. In 1980, Farber [F]
extended this classification in homotopy theoretic terms to n-knots that bound
r-connected Seifert surfaces, where 3r=n+1.

Suppose V"*1C $"* 2 is a Seifert surface for an n-knot. Farber introduces a map
O :VAV-S5""1, called the homotopy Seifert pairing of ¥, which induces the usual
Seifert pairing on homology. He shows that the isometry class of @ determines the
isotopy class of ¥V as a submanifold of S"*2 in a certain range of dimensions and
connectivities:

0.1 Theorem (Farber). Let V; and V, be two compact oriented (n+ 1)-dimensional
submanifolds of the sphere S"* 2 with 0V, and 0V, homotopy spheres. Let ©,: V,A 'V,
—S"*1 i=1,2, be the corresponding homotopy Seifert pairings. Suppose that the
manifolds V, and V, are r-connected, where 3r=2n+1,n2 5. If there is a homotopy
equivalence f:V, 5V, for which @, (f A f)is homotopic to O ., then there exists an
isotopy of the sphere S"*? transferring V, on V, with a preservation of orientations.

Farber then treats the situation in which non-isotopic Seifert surfaces bound
isotopic knots [F, Theorem 2.4], so a single knot may have several pairings
associated to it. However, if the knots are assumed to be fibred, they have
canonical Seifert surfaces up to isotopy, and consequently, canonical homotopy
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Seifert pairings. Hence, Theorem 0.1 gives a complete classification of fibred
n-knots with r-connected fibres in the range 3r=2n+1.

W. Richter (1982, unpublished; see also [K1]) established that 0.1 is still true in
one dimension better: the “stable” range 3r = n. The natural question then was: Do
there exist inequivalent fibred knots having the property that their homotopy
Seifert pairings are isometric?

In this paper we answer this question in the affirmative, thus showing that the
statement of Farber’s theorem is false outside of the range 3r 2 n. Our main result is

8.7 Theorem. For each integer n29, there exist infinitely many pairs (L;, L)) of
fibred n-knots such that

(1) L; and L; have isometric homotopy Seifert pairings;

(2) the exterior of L, is homotopically distinct from the exterior of L; for i},
and also from the exterior of L; for all j;

(3) the knots L; and L; have 1-connected fibres if n=9, 2-connected fibres if
n=22, and S-connected fibres if n=25.

Our examples reside in the range r/n<1/5, two ranges away from the stable
range 1/3 <r/n<1/2. Therefore it is still an open question as to what happensin the
metastable ranges 1/5<r/n<1/3.

The construction we use to provide these examples is a generalization of the
frame-spinning construction of Roseman [R], as elaborated upon by the second
author in [Su]. We call this new construction diff-spinning. The distinction
between the two constructions is that we twist the framed submanifold by a seif-
diffeomorphism as we spin.

Diff-spinning takes fibred knots to fibred knots. The diff-spun fibre is the same
as the frame-spun fibre, but the diff-spun monodromy is a twisted version of the
frame-spun monodromy. If the diffefomorphism is chosen carefully, the homotopy
Seifert pairing remains the same, but the homotopy type of the knot exterior
changes.

We now turn to the organization of this paper. Section 1 starts with the basic
definitions used throughout the paper. In Sect. 2 we establish the results we need
about fibred knots. As a starting point for our constructions, we exhibit simple
fibred(2m — 1)-knots having monodromy of finite homotopy order. In Sect. 3 we
define the homotopy Seifert pairing and show that for a fibred knot the isometry
class of the"pairing is determined by the stable homotopy class of its monodromy
rel boundary. In Sect. 4 we outline the frame-spinning construction and identify its
effect on the monodromy of a fibred knot. As an application, we give examples of
fibred 11-knots having isometric homology Seifert pairings but non-isometric
homotopy Seifert pairings. In Sect. 5 we introduce diff-spinning and establish its
basic properties. In Sect. 6 we compare frame-spinning with diff-spinning and
show that, under certain conditions, the homotopy Seifert pairings are the same
(6.3), but the exteriors are homotopicaily distinct (6.5). In Sect. 7 we construct self-
diffeomorphisms of S? x $? whose m-fold suspensions have finite homotopy order,
yet which are stably homotopic to the identity. In Sect. 8 we prove our main
theorem by diff-spinning the knots of Sect. 2 with the difftomorphisms of Sect. 7,
where the diffeomorphisms are chosen so that their m-fold suspensions have
homotopy orders coprime to the homotopy orders of the knot monodromies.



Inequivalent fibred knots 685

1 Definitions and notation

1.1. We work in the category of spaces which have the homotopy type of CW
complexes. All manifolds contained herein are assumed to be compact, orientable
and smooth. Diffcomorphisms are denoted by =, homotopy equivalences by =,
embeddings by C, the connect sum by #, and the boundary connect sum by b. $"is
the n-sphere, D" is the n-disk, R is the real line, and I is the unit interval [0,1]. D"
(resp. D) is the northern (resp. southern) hemisphere of S”. The symbol * denotes
the basepoint.

For pointed spaces X and Y, the wedge X vY of X and Y is the subspace
of X x Y whose points are of the form (x,*) and (*,y) for all xe X and yeY. Set
X, =X v 8° The smash product X A Y of X with Y is the quotient space of X x Y by
X v Y. The join X * Y of X and Y is the topological space obtained from the union
of X, Y,and X x Y x I by identifying (x, y, 0) with x and (x, y, 1) with y, for xe X and
ye Y. Taking the join of a space X with the (r —1)-sphere yields the space 2'X
=X=*S"!, called the r-fold suspension of X (alternatively, Z'X =X A §"). Two
spaces X and Y are said to be stably homotopy equivalent, denoted X ~, Y, if
2"X ~X"Y for some non-negative integer r. We let {X, Y} denote the group of
stable homotopy classes of maps from X to Y.

A self-map f: X — X is said to have homotopy order d, if the d-fold composition
of f withitself, ¢, is homotopic to the identity, and moreover, d is the smallest such
integer. We will write maps from spheres to spheres as f; : $°— S®, emphasizing the
target dimension. The r-fold suspension of f, will then be denoted by f.,.

If f: X x Y- Z is a map of topological spaces, then the Hopf construction

H(f): X *Y-ZZ

is defined by sending (x, y, s) to the point (f(x, y),2s) if s<1/2, and to the point
(f(x,y), 1 —2s)if s>1/2 (cf. [Wh]). Note that H(f)=2fc H(idy «y). f f: X x Y>Z
factors through * x Y, then H(f) factors through {*} * Y, which is contractible,
and thus H(f) is null homotopic. If 7: X x Y- X A Y is the quotient map then
H(n): X *Y->XX AY is a homotopy equivalence. In particular, we have natural
equivalences SP*9* !~ P % S~ ISP A S,

1.2. We say that a submanifold M*CS"** is framed if its unit normal bundle
v 28" *is provided with a trivialization ¢ : M x D"—v,,. We shall always assume
that M is closed, i.c., compact, connected and without boundary. Using the
trivialization, we may identify a tubular neighborhood of M with M x D”. The
Thom-Pontryagin collapse of (M, ) is the map u:S"**—> M, A S" given by the
composite

Sk, ntk/Sntk_int(M x DM)=M x D"/M x " '=M, A S".

2 Fibred knots

2.1. An n-knot is an embedding K:S"CS"*2 (we often abuse terminology by
identifying the embedding with its image). Two n-knots K and K’ are equivalent
(K=K if there is a difftomorphism of $"*? taking the image of K to the image
of K'.
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Each knot K has a tubular neighborhood of the form §"x D?CS"*2, The
exterior of K is

X(K)=8"*2—8"xint(D?).

Thus X(K) is an (n+2)-manifold with 6X(K)=S"x S!. Equivalent knots have
diffeomorphic exteriors. The meridian of K is the circle * x S*. The inclusion of the
meridian in the exterior is a homology equivalence. We let X(K) denote the
universal abelian cover of X(K).

By a Seifert surface V" ** for an n-knot K, we mean a codimension one oriented
submanifold of $"*2 whose boundary is the image of K. If K has a Seifert surface
V™* ! which is r-connected, then K is said to be r-simple. If n=2r + 1, orif n=2r+2,
then K is said to be simple. If K is a non-trivial simple n-knot, then V is homotopy
equivalent to a wedge of (r+ 1)-spheres if n=2r+ 1, or to a complex with cells in
dimensions r+1 and r+2 if n=2r+2.

An n-knot K is said to be fibred if there is a smooth fibration p: X(K)—S"
whose restriction to the boundary is the second coordinate projection pr,:S"
x S1 S If K is fibred then the fibre V=p~!(*)is a canonical choice of Seifert
surface for the knot K (where we abuse notation and identify the knot K with its
pushoff into the boundary of its tubular neighborhood).

Using the clutching construction, a fibred knot determines a monodromy map
0:V—-V of its canonical Seifert surface. This is a diffeomorphism such that

(m,) the restriction of § to S"=0V is isotopic to the identity;
(m,) the map (id—0,): H (V)—H (V) is an isomorphism;
(mjz) the set {x-0, '(x)|xen,(V)} normally generates m (V).

[Note that condition (m,) is trivially satisfied if V is 1-connected.]

On the other hand, if 6: V-V is a diffeomorphism satisfying the above
conditions, then 6 and a choice of isotopy h: 8" x I»8" x I from 65 to the identity
determines a fibred knot K,:S"CS"* 2. The construction of K, is as follows:

Let X,= V'x,S! be the mapping torus of 6. Then 0.Xy=S" x4S" is the boundary
of the manifold T=(S" x I) x,,S'US"™ x D? (= §" x D?) where the union is taken over

(§"x 1) %, S'=8"xS'CS"xD?.

Let 2"* 2= XyuU,y, T A Van-Kampen and Mayer-Vietoris calculation shows that
2"*2is a homotopy n -+ 2-sphere. Moreover, the core of T provides an embedding
ko:S"C Z"*2 The desired knot K,: S"C S"* 2is then defined to be the knot obtained
from k, by changing if necessary the smooth structure of Z"*? on an embedded ball
in the exterior of ky(S").

2.2. A necessary condition for two fibred knots to have homotopy equivalent
exteriors. Suppose K;:S"CS"*? are fibred knots, i=1,2, whose associated
monodromies are 6;: V,— V. We say that 6, is homotopically conjugate to @, if there
exists a homotopy equivalence f: V,—~V, such that fof,of "' ~0, where f "'isa
homotopy inverse of f.

2.3 Lemma. If K, and K, have homotopy equivalent exteriors, then 0. is
homotopically conjugate to 8,.

Proof. The exterior of K; is the space ¥;x,,S*. Let g: ¥, x,,S'—>V, x,,5! be a
homotopy equivalence. Then g lifts to an equivariant map of universal abelian
covers 2:V; xR—-V, xR, Let f:V, -V, be the composition pr, o g i, where
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pry:V, xRV, is the first coordinate projection and iy:V;—=V; xR is the
inclusion of ¥; x 0. Then f is the desired homotopy conjugation from 8, to 8,. [

2.4. Construction of odd dimensional simple fibred knots with monodromy of finite

homotopy order. Let a and b be coprime integers greater than one. Let K, ,: S'C §3

be the (a, b) torus-knot. Then K|, , is a fibred knot with fibre homotopy equivalent

to a u-fold wedge of circles, where u=(a—1)(b—1). With respect to this

identification, the monodromy 1z, ,: v *S'— v “S! has homotopy order ab [H].
Let m>1 be an integer. Consider the homotopy equivalence

1, i v ES™ o v AST

By the proof of Lemma 17 in Wall [W], there is a thickening of this map to a
diffeomorphism

T, »:§*S" x D" hrSm x DL

Note that T, , induces the same homomorphism on H,, as 7, , on H,. Restricting
T, , to the boundary we have a diffeomorphism

0,50 4HS™ X S™—> 445" x 5™,

which by isotoping if necessary, may be assumed to preserve an embedded disk
D?™ Then the restriction of 6, , to V, ,= #*“S™ x S™— D>™ satisfies conditions (m,)
and (mj;) trivially, and (m,) by Lefschetz duality. Consequently, we obtain

2.5 Proposition. For each integer m=1, there exist infinitely many simple fibred
(2m—1)-knots whose monodromies have distinct finite orders. Moreover, the
exteriors of these knots are pairwise homotopy inequivalent.

Proof. Choose pairs (a, b) whose products ab are all distinct. Then the simple fibred
knots K, , associated to the monodromy 6, , by 2.1 are the desired knots. By 2.3,
X(K, ;) is not homotopy equivalent to X(K, ,) for (¢',b)%(a,b). O

3 The homotopy Seifert pairing and its dual

3.1. S-duality. Suppose that K< $" is a finite subcomplex whose dimension is less
than n. If CLS"™ is the exterior of a regular neighborhood N of K, then one may
naturally associate a Spanier-Whitehead duality map

d:K*C-S§"

as follows: Fix a basepoint * in §"—(K 1L C) and think of R" as being $"—* via
stereographic projection. We will henceforth consider K and C as being embedded
in thisR". Let §: K x C—S""! be given by the rule §(k, ¢) = (k —c)/ ||k —c||. The map
d:K*C—S" is then defined to be the Hopf construction of the map &.

Itis well-known that the map d induces the Alexander duality between K and C
upon taking homology in dimension n and utilizing the Kiinneth splitting of
K*»C~XK A C. What seems to be less well known is that there is also a natural
duality map going in the other direction,

d*:S"—»C*K,

defined as follows: Let N be the regular neighborhood of K given above and
choose a retraction r: N— K. The orientation of N induces an orientation of the
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normal bundle of dN. The Thom-Pontryagin construction then yields a degree one
map (the normal invariant of oN),

u:S">20N.

Let j:ON—C A K be the map induced by smashing the inclusion ic: N £ C with
rion: ON G K, ie., j(n)=ic(n) A r(n). Suspending j and composing with u gives a map
(Zj)ou:8"->ZC A K. The identification C* K~ ZC A K of Sect. 1 then defines the
desired duality map d*:S"->C * K.

For any spaces X and Y, let

UdX,Y): {X,C+Y} 2 {K+X,5"*Y},

and
VX, Y): {Y*C, X} ={Y* " X K}

be the S-duality isomorphisms defined by d and d*, respectively. These are given by
the formulas

UdX, Y)(f)=(d*idy)o(idg*f) and Va(X, Y)(f)=(f*idy)o(idy * d*).

3.2 Proposition. U S", K)(d*)= +idgn.,x and V;u(S", K}(d)= tidgn,x, ic.,, d and d*
are S-duals of one another up to sign.

Proof. (Sketch). By construction the proposition is true when K is a sphere or disk.
As the S-duality isomorphism can be shown to commute with amalgamated
unions, the proposition follows by induction on the number of cells of K (see e.g.

(s). O

3.3. The homotopy Seifert pairing and its dual. Suppose V"*'<$"*2 is a Seifert
surface for a knot S"C §** 2. Identify a tubular neighborhood of ¥V with V'x [—1,1]
in such a way that the orientation on V together with the usual orientation of the
interval agree with the standard orientation of the sphere S"*2, Let C=8"*2
—Vx(—1,1) be the exterior of V. Then the constructions of 3.1 provide Spanier-
Whitehead duality maps,

d:V*C-o8"*2, and d*:S"*25CxV.

Define maps p, : V—C by the formulas p . (v)=(v, £1)e Vx +1SC(p, and p_ are
the maps which push V along its outward unit normal frames). Let

@:VxVo8"*2 and ¥P:$"*2oCx*C

be the maps obtained by precomposing d with the mapid, *p., : V*V-V*C,and
by composing the map ido*p_:C* V—C=*C with d*.

The map @: V* V—S"*2 was defined by Farber [F] and is called the homotopy
Seifert pairing of the Seifert surface V.* By analogy, we call ¥: $"* % C * C the dual
homotopy Seifert pairing of the Seifert surface V. The justification of this
terminology is provided by the following:

3.4 Lemma. The map ¥:8"*%>—C* C is the Spanier-Whitehead dual of the map
@:V*V-5"*2 up to sign.

* Actually, Farber’s pairing is a map @: VA V-+5"*!, Our map is obtained from Farber’s by
suspending and using the natural equivalence V= V~X¥VA V of Sect. 1
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Proof. By 3.2, d* is the Spanier-Whitehead dual of d up to sign. By duality it is
sufficient to prove that idc*p_:C* V—C *C is the Spanier-Whitehead dual of
idy, *p, :V* V>V C. But this will be true if p_: V—C is the dual of p, : V-C.

To see this, let C* =Cu, . «, V' x [0, 1] be the mapping cylinder of p; [C* is
the collar of C obtained by attaching onto C the (4)-half of the tubular
neighborhood of Vin $"*2]. Note that C* naturally embeds in $"* 2, extending the
inclusion of C. Moreover, the composition

v-2t,ccct

is isotopic to the inclusion of ¥ into C* as V' x 0. Note that the exterior of p (V) in
S"*2is C¥, and the exterior of C* in §"*2is ¥ x 0. Furthermore, the inclusion of
exteriors, ¥ x 0C C7, is identical to the map

v, CccCF,

Consequently, the Spanier-Whitehead dual of p,:¥V—C is homotopic to
p_:V-C. O

Suppose & : X * X »>S/and @y : Y * Y- §' are arbitrary maps. Then @, is said
to be isometric (resp. s-isometric) to Oy if there is an equivalence (resp. stable
homotopy equivalence) f: X =Y such that @y (f*f) is homotopic (resp. stably
homotopic) to @y. There is also the corresponding notion of isometry for maps
¥Yy:S'> X+ X and ¥y:5/>Y#*Y which go in the opposite direction.

3.5 Proposition. Let V and W be Seifert surfaces in the sphere S"*? with associated
homotopy Seifert pairings @y :V*V-8""2 @, : W W—S"*2, and dual homotopy
Seifert pairings Wy :S" 2 >Cy*Cy, ¥y :S""2>Cy % Cy,. Then 0, and Oy, are
s-isometric if and only if ¥, and ¥y, are s-isometric.

Proof. Let f:V—-W be an s-isometry from @, to @,. Then the S-dual of f,
f*:Cy—Cy, provides an s-isometry from ¥, to ¥y, by 34. [

3.6. Monodromy and s-isometry. Suppose K:8"CS"*2 is a fibred knot whose
associated monodromy is 6: V—V. Let C be the exterior of ¥ in §**2, Then
p+ : V—C are homotopy equivalences. Moreover, §~pZ ! o p_. Using the identifi-
cation p, of V with C, we may think of the dual homotopy Seifert pairing as a map
P.S" 2oV V.

There is another description of ¥ given as follows: Let 8(V x NS S"*? be the
boundary of a tubular neighborhood of V. Define a map b: (V' x I)> VA V by the
composite

VxSV V-V VX VL5 VAV

Then ¥:8"* 2> V* V is given by the composite of Zb: Z9(V x I)—»ZV A V with the
normal invariant u:S** 2 Za(V x I).

Suppose now that 8, : V-V and 8, : V-V are two monodromies. We shall give
sufficient conditions for the associated dual homotopy Seifert pairings to be
s-isometric.

idy x 0

3.7 Proposition. Let ¥, :S"* 2>V *V and ¥,:S"*2 >V * V be the dual homotopy
Seifert pairings associated with the monodromies 6, and 8, respectively. Then ¥ is
stably homotopic to ¥, if 0, is stably homotopic to 0,reldV. In particular, the
identity map of V provides an s-isometry of the pairings.
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Proof. For i=1,2, let 1;: (V' x [ —1,1])> V'x V be the map given by the formula
140, )= (v, Bv)), if t=1, and t{v,t)=(v,v), f vedV orif t=—1.

We claim that 7, and <, are stably homotopic. To see this, note that up to
homotopy, &V x [ —1,1])is the space obtained from Vv V by attaching an (n+1)-
cell using the map

IIECRLI VE AL /273 74

where «: $"C V is the inclusion of the boundary of ¥, and p, _:S"—>S"v S"is the
“anti-pinch” map (which is characterized up to homotopy by the fact that it
induces the map x — x@ — x upon taking n-dimensional homology). The restric-
tion of 7; to the subspace Vv V is the map

(idy vidy,idy v 8): VvV V-V V.

Since 8, and 6, are stably homotopic rel S”, (id, v id, idy, v 6,)is stably homotopic
to (id, v idy, idy v 8;)relS" v §”. This shows that the stable homotopy can be
extended to the top cell of &V x [ —1,1]), proving the claim.

Now let u;:S"**>Z3(V'x[—1,1]) be the degree one Thom-Pontryagin
collapses associated to the two framed embeddings of ¥ in $”* 2. By the uniqueness
of embeddings in large codimensions, the normal invariant is stably unique up to
homotopy. Consequently, the maps u;, and u, are stably homotopic, and hence
tiouy:S"T2X(Vx V) is stably homotopic to t,0u,: 8" 2> Z(Vx V). Finally,
retracting from X(V'x V) to V*V yields a stable homotopy from ¥, to ¥,,
establishing the proposition. []

The importance of 3.7 is embodied in the following corollary:

3.8 Corollary. Let ©,:V*V—>5"*2 and ©,: V% V—-S"*2 be the homotopy Seifert
pairings associated with the monodromies 0, and 0,, respectively. Then @, is
isometric to @, if 8, is stably homotopic to 8, reldV.

Proof. By 3.5 and 3.7, id,.: V-V is a stable isometry from &, to &,. But the
homology of V * V vanishes above dimension 2n+ 1,50 & and @, are in the stable
range. Hence ©,<(fAf) is homotopic to @, if and only if it is stably
homotopic. []

Finally, we give a necessary condition for the homotopy Seifert pairings of two
fibred knots to be s-isometric.

3.9 Proposition. Let 0, : V-V and 8y : W—W be monodromies, and let
Oy VxV5"*2 and Op:WxW-HS"*?2

be their associated homotopy Seifert pairings. If f:V— W is an s-isometry from @,
to @y, then f stably conjugates Oy to Oy.

Proof. Let g, =q o fop3!:Cy—Cy, where p, :V—>C, and g, : W—Cy, are the
push maps along the positive/negative unit normals. As f is an s-isometry,
dyo(idy > p,) is stably homotopic to dyo(f*g.)o(idy *p.), where dy:V*Cy
—S8"*2 and dyy :W * Cyp— S"* 2 are the canonical S-duality maps. By [K1; 5.8], the
same relation holds if plus is replaced by minus, ie., dyo(id,*p_) is stably
homotopic to dy o(f*g_)e(idy, *p_). Since p, and p_ are homotopy equiva-
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lences, it follows that d;, is stably homotopic to both dy o (f*g.)and dy o (f*g_).
However,

dyo(f*gs)=dyo(idy*g;)o(f*idc,),

and consequently, dy o (idy * g ) is stably homotopic to dy o (idy * g _). S-duality
now implies that g, is stably homotopic to g_. Hence,

fobyof tafo(pitop)of~I=(fopie(p-of™")
=qilogiogilog ~gilog ~0y. O
4 Frame-spinning

4.1. Outline of the construction. Suppose M*CS"** is a framed submanifold of
codimension n, whose framing we denote by ¢. We shall associate a function

Oy, 4 N-knots/ = —(n+ k)-knots/ =
defined as follows (cf. [R; Su] for details): If K: S"C S"* 2 is a knot, we can assume
by a standard isotopy that the restriction of K to the southern hemisphere of " is
the standard inclusion of D" in $"*2, and we may also assume that K maps the

northern hemisphere of $” to the northern hemisphere of $** 2, Restricting K to the
northern hemisphere, we in this way obtain an embedding

(D%, 8"~ He (DY 2,8

which is standard on $"~ !, Taking the product of this embedding with the identity
map of M, we obtain an embedding

en,o(K): M x D", CM x D"*?

which is standard on M x §"~1,

Identifying a tubular neighborhood of M in $"** with M x D" via the framing
¢, we have an embedding M x D"CS"**. By including $"** into $"***2 in the
standard way, we obtain the standard inclusion of tubular neighborhoods,
MxD'SMxD"+2,

Let C be the exterior of M x D"in $"**, and let C’ be the exterior of M x D"*2in
S"*+k+2 Then the standard inclusion S"**C §"***2 decomposes as

Stk = MxD" uC
) ) )
Sn+k+2=M X Dn+2UCr .

We modify this inclusion by replacing the standard inclusion
M x D"S M x D"*? with the map ey, 4(K). This provides us with a new embedding
SrtkC§"*k+2 which we call the frame-spin of K with respect to the framed
embedding (M, ¢)< $"**, and which we denote by gy, 4(K). The procedure clearly
depends only on the isotopy class of K, since the choices used to define it vary in an
isotopic way. In the case M = S* with trivial framing, this is just the superspinning
construction of Cappell [C].

It can be shown [Su] that the exterior of g, 4(K) in S"***2 is precisely the
manifold

X(op, fKN=(D"*** 1 —int(M x D" x D)) x S* Upgxprx st M x X,

where X = X(K), S'C X is the meridian, and M x D" x0x 8! is identified with
M x D" x S*. As the space D"*** 1 —int(M x D" x I) is contractible, one easily sees



692 J. R. Klein and A. 1. Suciu

that X{(ay, 4(K)) is homotopy equivalent to the mapping torus
(M+ /\X)xidm,‘/\rs1 ?

where X is the universal abelian cover of X and t: X »X is the generator of the
group of covering translations corresponding to the meridian.

4.2, Frame-spun Seifert surfaces. If V"*1C8"*2 is a Seifert surface for a knot
K:S"<S"*2, then a relative version of the above construction provides us with a
Seifert surface for o, 4(K), which is unique up to isotopy. This procedure carries
isotopy classes of Seifert surfaces for K into isotopy classes of Seifert surfaces for

o u, o(K).
Define

O-M,¢(V)=(Dn+k+l'_int(Man XI))UManMX V.

Then g, 4(V) is the Seifert surface for o, 4(K). The homotopy type of this Seifert
surface is given by the following lemma.

4.3 Lemma. There is a homotopy equivalence oy ((V)~M , A V. With respect to
this identification, the inclusion 00y o(V)C 0y, 4(V) corresponds to the composite

(dpy, A)ou:S" " * M, AV,

where a:S"CV is the inclusion, and where u:S"** M, AS" is the Thom-
Pontryagin collapse of the framed embedding (M, $p)CS"**.

Proof. Since D"***'—int(M x D" x 1) is contractible, o 4V) is homotopy
equivalent to M x V/M x * =M A V. The inclusion 9oy 4(V)S 0y 4(V) is by
definition

Stk =(S"*k—int(M x D" X 0)) Uy x gn-: M x D"
SO H —int(M x D" X D)) Upgw pn M X V,

which, under the identification o), (V)~M, AV is the map

Stk grtkiStk—int(M x D" x 0))=M x D"/M x §" !

SMXxVIMxD*~M, AV.
As M x D"/M x S" "' C M x V/M x D" is equated with the inclusion
M. AS'"SM AV,

we are done. [

Finally, we remark that if K:S"CS"*? is a fibred knot with fibreing p: X(K)
-8, with fibre ¥ and monodromy 6: V-V, then g, 4(K) is a fibred knot with
fibration

proupopr, (D" —int(M x D" x D) X S'Upgw prxstM X X — St
with fibre gy, 4(V) and monodromy oy 4(0): 0y, 4(V) =0y, 4(V) given by
idu(id x 8):(D**** ! —int(M x D" x D))Upg x peM X V
(D" _int(M x D" X I))Upg x pnM X V.
Up to homotopy (Lemma 4.3), this is the map idy;, AO: M . AVM AV
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4.4. Knots with isometric homology Seifert pairings but non-isometric homotopy
Seifert pairings. We use frame-spinning to give an example of a pair of 1-simple
fibred knots whose exteriors are not homotopy equivalent, whose homotopy
Seifert pairings are not isometric (in fact, not even s-isometric), yet whose
homology Seifert pairings are isometric.

Let SU(3) be the 8-dimensional Lie group of 3 x 3 Hermitian matrices with
determinant one. Construct a framed embedding e:SU(3)CS!! as follows: Let
e,:SU(3)SS% x S5 be the embedding given by sending a matrix to its last two
column vectors. Then e is defined to be ¢, followed by the standard inclusion
S% x §°¢ 811, Since the normal bundle of e, is codimension two and oriented, it is
trivial, hence the normal bundle of e is also trivial.

Let K:53CS% be any non-trivial simple fibred 3-knot with fibre ¥V and
monodromy 8: V- V. Let K, =0gs  ss(K), the frame-spin of K with respect to the
trivial framed embedding S° x S°CS'!, and let K, = 030(3,(K) the frame-spin of K
with respect to the framed embeddlng e:SUB)ES?

4.5 Theorem. The 1-simple fibred 11-knots K, and K, satisfy the following:
(1) the homology Seifert pairings of K, and K, are isometric;
(2) the homotopy Seifert pairings of K; and K, are not s-isometric;
(3) the exteriors of K, and K, have non-isomorphic stable homotopy groups.

Proof. (1) From the Gysin sequence of the principal fibration $*—SU(3)— 8, it
follows that SU(3) and S° x $° have isomorphic homology. Let @: H (S* x $%)
—H (SU(3)) be this isomorphism. The Kiinneth formula then implies that

&, @idy,y): Hy(8> x 5%, AV)=>H,(SUB), A V)

is an 1somorphlsm As the homology monodromy of K is idg (sy(),)®0, and
that of K, is idy, (s3 x5, ®0,,it follows that ¢, ®idg, (v, conjugates the former to
the latter. Hence the homology Seifert pairings of K, and K, are isometric.

(2) and (3): To show that the homotopy Seifert pairings of K, and K, are not
s-isometric, it is sufficient to show by 3.9 that the monodromies of K, and K, are
not stably homotopy conjugate. But this will be true if the fibres of K, and K, have
non-isomorphic stable homotopy groups, and this will also prove (3).

As V is a wedge of 2-spheres, the stable homotopy group n%((S® x §°), A V)isa
direct sum of copies of 5(S>x $°),,and an elementary computation shows that this
last group is isomorphic to Z,. Similarly, n§(SU(3), A V) is a direct sum of copies
of n3(SU(3) ., ). But n5(SU(3). ) is trivial by the Gysin sequence in stable homotopy.
Hence the fibres of K, and K, have different stable homotopy groups. [J

As a final remark, we note that varying the choice of the simple 3-knot K (as in
2.5), we obtain infinitely many pairs of knots in dimension 11 satisfying the
conclusions of 4.5. By superspinning these knots, we obtain infinitely many pairs of
1-simple fibred n-knots, n= 11, satisfying the conclusions of 4.5.

5 Diff-spinning

5.1. The construction. In this section we modify the frame-spinning construction
by twisting the framed submanifold by a self difftomorphism as we spin. This
modification does not change the universal abelian cover of the frame-spun knot,
but composes the action of the meridian on the universal abelian cover with a
certain diffeomorphism.
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Let (M*, ¢) be a framed submanifold of S"**, and let M x D" be identified with a
tubular neighborhood of M via ¢. Assume that we are given a difffomorphism
n: M— M satisfying the following properties:

(d,) there is a diffcomorphism #: S"**—S$"** such that fjjy x pn=1 X idpn;
(d;) 1 is isotopic to the identity;
(d;3) n,:H (M)—H/(M)is the identity.

Note that condition (d;) is certainly implied by the condition
(d3) the map n: M—M is stably homotopic to the identity.

Given such 7, we fix the extension # and its isotopy to the identity as part of the
data. Considering S"** as the boundary of the disk D"***! we obtain an
embedding of M x D" x I in D"***1, By (d,) and (d,), the diffeomorphism 7 has a
preferred extension to a diffeomorphism #7:D"***1D"***! that preserves
MxD"x I

Given a knot K:5"¢S"*2, a framed submanifold (M*, $)CS"**, and a
diffeomorphism #: M — M as above, we define the n-modification of o) 4(K) by first
forming the “twisted” exterior,

e X(0y SK)=(D"** 1 —int(M x D" x 1)) X ;S ' Upag x oy x a5t M X X,
n M, ¢ 7o ) X x ia n

where M x, X is the space M xz X, with Z acting on M via the diffeomorphism %
and on X via the covering translation t. Note that 77+ X(0,, ,(K)) has the homotopy
type of the mapping torus

M, AX)x,, St

5.2 Lemma. (1) The manifold n+ X(0y, 4(K)) is a homology circle.
(2) The fundamental group of ne X(oy, 4(K)) is the same as the fundamental
group of X(K).

Proof. (1) Follows from the Wang sequence of the fibration (M , A X) x ne a8t oS!
and condition (d;).

(2) As D"***1_int(M x D" x I) is contractible, 7 X(0,, 4(K)) is homotopy
equivalent to the space * xS‘uMX"slM x,X. The projection onto the second
coordinate gives a map

P2 * XS Uy i M X, X8 U X =X.

The Van-Kampen theorem then shows that p, induces an isomorphism of
fundamental groups. [

By definition, the boundary of the twisted exterior is nedX(0,4(K))
=8§""*x,S*. Using the give isotopy of # to the identity, $"**x,S' becomes
identified with S"** x S*. Gluing on a copy S"** x D? to #1 « X(0, 4(K)), we obtain a
knot in a homotopy sphere Z"***2 by 5.2. Changing the smooth structure of X if
necessary to get a standard (n+k+2)-sphere, we obtain a knot
n OO'M’¢(K):S"+kgS”+k+2.

5.3 Definition. The n-modified frame-spun knot, ¢ 6, J(K): S"**C S"*** 2, will be
called the diff-spin of K:S"SS"*? with respect to the pair (M, ¢),7).

5.4. The diff-spun monodromy. Let K:S"S<S"*? be a fibred knot with fibre V"*!
and monodromy 6. Then the diff-spun knot 7+, 4(K) is also fibred. It has the
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same fibre as o), 4(K), i.c.,
Moo, o(V)=(D"** 1 —int(M x D" X I))Upg pn M X V.
However, 1+ 6) 4(K) has monodromy

neoy, f0)=mounx0.

Using the identification oy, 4(V)~M , A V(Lemma 4.3), the diff-spun monodromy
1 * 0y, (0) is identified with the map 7, A M AV-M A V.

5.5. Frame-spinning the diff-spin construction. Let (M*, ¢) be a framed submanifold
of D"tk S"*k and let M x D" be identified with a tubular neighborhood of M via
¢. Assume that we are given a diffeomorphism # : M — M satisfying the conditions
(d,)—(d;). Suppose further that (N/,p)CS"***/ is a framed submanifold, and let
N x D"** be identified with a tubular neighborhood of N via y. The composition
NxMCNxMxD'CN xD"**C§"***J is an embedding with framing p®¢
=ye(idy x ¢).
Consider the diffeomorphism ny=idyx7: N x M—>N x M.

5.6 Lemma. With (N’ x M*,p® ¢)C S"+**J as above, the diffeomorphismny: N x M
—N x M satisfies conditions (d,)—(d;). If n: M —M satisfies (d3), then so does ny.

Proof. Conditions (d,) and (d,): Let 7,: S"**—S"** be the isotopy of the identity to
i, the extension of n to S"**. Then #, determines a diffeomorphism F:D"**¥*?!
—D"*¥*! whose formula in polar coordinates is F(t - x)=t - #{x), for xe S"** and
te I (note that the derivative of F at the origin is the identity). Consider the isotopy
fiy, of S"*¥*i=9(D"***1 x D)) defined by the formula

;!'Ng(xli e Xppg+jt 1)=(x1r"-sxj, F(t‘(xj+ (3evos Xptk+j+ /Y.

Then fjy,=idgn+ic+s and fy,: " **/58"***J is an extension of ny:NxM
—N x M. Conditions (d;) and (d}): These are trivial. [J

The lemma above shows that the ny-modification of oy , , , ¢ 4(K) is defined. In
fact it is easy to see that the knot ny e oy, ,04(K) is equivalent to the knot
oy, (1 * a1, o(K)).

6 Comparison of frame-spinning to diff-spinning

6.1. We now compare the two constructions, frame-spinning and diff-spinning.
We shall consider the case of fibred knots only.

Let K:S"C 8"**2 be a fibred knot with fibre V** ! and monodromy 6. Let (M*, ¢)
be a framed submanifold of $"**, and let  be a diffeomorphism of M satisfying
conditions (d,), (d,), and (d}) of Sect. 5. Consider the (n+k)-knots K, =0, 4(K)
and K, =1 +0,, ,(K). By the remarks of Sects. 4 and 5, both knots are fibred, with
fibre o) 4(V) and monodromies 0, = 0o, 4(6) and 8, =1+, ,(0), respectively.

The following proposition shows that the monodromy of K, is stably
homotopic to the monodromy of K, relative to §"**=da,, 4V).

6.2 Proposition. The monodromies 6, and 0, are stably homotopic rel boundary.
Proof. Using the identification gy, 4(V)~M, AV of 4.3, we must show that
idy, AGM AV-M, AV
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is stably homotopic to n, A0: M, AV—-M AV relative to the map w:S"**
—M , AV, given by the Thom-Pontryagin construction u:S"**->M, A S" fol-
lowed by the inclusion M  AS"CM A V.

Consider the space M, A VU, D"***! obtained by attaching an (n+ k + 1)-cell
to M, AV along w. Consider also the space M, A(VuU,D"*!), where a:S"CV is
the inclusion of the boundary. There is then a natural “collapse” map from the
cofibre of w to the cofibre of «, denoted by

M AVU,D" I M, AV, DY),
The map ¢ has a stable homotopy retraction arising from the facts
@ M AVU D R L (M AV) v St HEHL
(ii) M, A(VUD™ ) (M, AV)V (M, AS™Y),
and (iii) the Thom-Pontryagin map u:S"**>M_, AS"*! is a homotopy retract.

The collapse map is natural in the following sense: For any map f: M — M, there is
a commutative diagram

Aguid
M, A Vu“,D"H‘“M\i—»MJr AV, DR+

M+ /\(VUGD"+1) m M+ /\(VUaD'H’l).

Since n: M—M is stably the identity by (d%), the map n, A (6uid) is stably
homotopic to id,,, A (fuid). By naturality, co((n, A O)uid)=(n, A (Buid))oc is
stably homotopic to

(idy, A{BUid)) o c=co((idy,, A B)uid).

As ¢ has a stable retraction, it follows that (id,,, A f)uid is stably homotopic to
(n, AQ)uid. Since stable homotopy is excisive, it now follows that
idy, AO:M AVoM, AV is stably homotopic to #, A M, AVM, AV
relative to the map w:S"**->M_ AV, [

Combining 3.8 with 6.2, we deduce the following theorem.

6.3 Theorem. The frame-spun knot K, and the diff-spun knot K , defined above have
isometric homotopy Seifert pairings.

6.4. Conditions which guarantee that the frame-spun and diff-spun complements are
homotopically inequivalent. Assume that K : S"C S"*? is a non-trivial simple fibred
n-knot with n=2m—1. Then the fibre V is homotopy equivalent to a wedge of
m-spheres. Assume further that the monodromy 8: V- ¥V satisfies [in addition to
(m,)—(m,) of Sect. 2], the condition

(m,) 6 has homotopy order c¢>1.

Suppose also that the difffomorphism #: M—M satisfies [in addition to
(dy)—(ds) of Sect. 5], the condition

dy 2Z™p:Z"M—2™M has homotopy order d>1.
We then have the following theorem.

6.5 Theorem. If the integers c and d are coprime, then the exteriors of K; =0y 4(K)
and K, =140, 4K) are not homotopy equivalent.
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Proof. By 2.3, it is sufficient to show that the monodromies 6, of K, and 0, of K,
are not homotopically conjugate. By Sects. 4 and 5, the fibres of K, and K, are
homotopy equivalent to M, AV, and with respect to these identifications,
#,=idy, A8 and 0,=n, A 0.

Suppose there existed a homotopy equivalence f: M, A V> M, A V such that
foB,0f "1~0, Then fo0of ' ~0. As 6°~idy, by assumption, we get

1% Aldy ~idy, Ay

Choose a homotopy F from 7, Aidy to idy,, oy Let 1:S™—V be the inclusion of
one of the factors of the wedge decomposition of ¥, and let n:V—S™ be the
projection on that factor. Then the composite

(idpr , A1) xidg
_—

(M, AS)x 1 My AV)X =M, AV M A S™

is a homotopy between 1% Aidg. and id,,, ,gm Consequently,
mefc >~ idzm M+

On the other hand, we have by assumption 2™y ~idmy. As (c,d)=1, it follows
that 2™y ~idgm, which contradicts (d,). O

7 Diffeomorphisms of S? x S

7.1. In this section we construct self-diffeomorphisms of S” x $? that have a
suspension of finite non-trivial homotopy order, yet which are stably homotopic to
the identity. Let SO(k) be the Lie group of kxk orthogonal matrices with
determinant one. The basepoint is the identity matrix I,. Let - denote the linear
action of SO(k) on S* ! and i, ,: SO(k)< SO(]) the standard inclusion.

Suppose A:57—S0(g+1) is a pointed map, where p and g are positive. The
adjoint of A is the map A:S? x §7- 87 given by A(x, y)=A(x)-y. We let the map
J(A):§7*9*189%1 be the Hopf construction of A, H(1): S” * 72— XS If B: S S?
is a map, then the following hold: J(ioB)=J(A)oZ9* !B and J(i,4q,g+n°A)
=2""1J(A). The assignment A+>J(A) is well-known to induce the
J-homomorphism 7,(SO(q+1))—>7, 4,4+ 1(S?*") (cf. [Wh]).

Associated to A: 87+ S0(q + 1), there is a diffeomorphism g(1): S? x §2— 8P x §¢

given by
g (x, y)=(x, A(x, ).

The maps J(4) and g(4) are related by the formula J(A)=H(pr, - g(A)), where
pry: SP x 89— 8 is the second coordinate projection.

7.2 Proposition. For a positive integer n, Z"g(A): Z"(S? x $9— Z"(S? x 89} is homo-
topic to the identity if and only if 2" 1J(A): 8§79 " 89" is null-homotopic.

Proof. We calculate the obstruction for 2Z"g(4) to be homotopic to the identity and
show that it is precisely "~ 'J(). Consider the restriction of g(2) to S? v $% This
restriction is equal to the inclusion SPv $9€ 7 x S%, since

gAYk, ¥)=(x,A(x) - *)=(x,*), and gA)(*,y)=(*,A*)-))=(*,1,1, y)=(*,))-
Consequently, X"g(4) restricted to Z"(S? v §9) is equal to the inclusion
ZMS? v §9C Z™(SP x §9).
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To complete the proof it will be sufficient to show that the only obstruction to
exte?ding the homotopy to the top cell of Z*(S? x §9) is the homotopy class of
Z*1J(A).

This obstruction lives in the group 7, , ... (Z"(S? % §%). By the Blakers-Massey
excision theorem (see [Wh, p. 366]), this group is naturally isomorphic to the
direct sum

Tyt gt nE"SP)DT, 4 g 4 Z"SND T, 1+ 2757 A SY).
As may be readily calculated, the projection of the obstruction onto the first
group is just the homotopy class of the map
SPratn gn-1(gPy Sq)im_(i‘?_,gn(sp x Sq)_zﬂ’i, znsP,
where id is the identity of S? x §% By 7.1, this map is
"~ YZ pry o H(id))=2"""H(pr,),

which is null homotopic, since pr, factors through S$? x =,
The projection of the obstruction onto the second group is similarly the
homotopy class of the map

In-1H(id) In(pr2og(2))
—_— —_—

Sp+q+"22"_ I(Sp * Sq)
By 1.1 and 7.1, this map is
Z"™ 1 (Z(pr, o g(A) © H(id)=Z"~ H(H(pr, o g(A)=Z"""J(4).

Lastly, the projection of the obstruction onto the third group is the difference
between the identity map of S?*9*" and the composite

- 1H(id)
————y

Z(SP x S9) I8t

SPHatn s Fo1(SP & §9) Z"(SP x S‘l)ﬁa ZMSP A S9).

By 1.1, this map has degree one, and so the difference in question is null-
homotopic. This completes the proof of the proposition. [

We consider pointed maps A:S7—S0{(g+1) which satisfy the following
condition:

(r,) for some integer n>1, the composite i,y ,4,°4:S7=SO(q+n) is null-
homotopic.

Decompose SP4*" into the union of two solid tori §7 x DI*"UDP*1 x §2+7~ 1,
with S? x 87 embedded standardly inside S¥ x D?*". We then have:

7.3 Proposition. If A:SP—SO(q+1) satisfies condition (r,), then the associated
diffeomorphism g(1): S? x §7— 8P x 84 satisfies conditions(d,), (d,), and (d3) of Sect. 5.

Proof. We first extend g(4) to S7*9*", and then prove that the extension is isotopic
to the identity. This will establish (d,) and (d,). Condition (d3) follows immediately
from the equation J(i,41,g+n°4)=2""1J(4) and 7.2.

For the first part, choose a pointed null-homotopy

F:DP*"1580(q+n) of igyqgen°l,
as guaranteed by (r,). Define an extension y: $7*4+"— §7* 9% of g(1) by the formula
yx, v)=(x, F(x)-v), if (x,0)e$?xD**" orif (x,v)eDP*!xS§1*"" 1,
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The isotopy y,: S*"9+*— §P*2*" from v to the identity is given by the formula
7%, 0)=(x, F(1 —)x)-v). O

Finally, we shall consider pointed maps A:5”—S0(q + 1) which satisfy

(r;) for some integer m> 1, the map Z™~1J(A): Z™ 1§P » §7» ™~ 1g9+1
is essential.

7.4 Proposition. If the map A:SP—>SO0(q+1) satisfies condition (r;), then the
diffeomorphism g(A): S? x $9— 8P x $? satisfies condition (d,) of Sect. 6.

Proof. By 7.2, Z™g(4) is not homotopic to the identity. The homotopy class of
Z™~1J(4) is an element of 7, , ,,,(S?*™), which, by a theorem of Serre, is a finite
group, unless m=p— g + 1 with p odd. In that case, the homotopy class of 2™~ 2J(1)
is an element of the finite group 7, ,(S?), and consequently the homotopy class of
Zm"LJ(A)=ZZ™"2J(4) is of finite order. Hence, the homotopy class of ™~ 1J(J)
always has finite order. Thus by 7.2 again, Z™g(4) has finite homotopy order. [J

We now exhibit maps A:87—SO0(q+1) satisfying conditions (r,) and (r,).
Notice that for these conditions to be satisfied simultaneously, we must have g> 1,
m<n,and m<p—q.

Recall that the fibre bundle SO(g)—SO(q+1)—S? has a section g S?
-+80(q+1) if g=1,3, or 7. Moreover, J(u;)=1,: 83> 82, J(u;)=v,:57—>8* and
J(1,)=05:8"3—S® are the Hopf fibrations.

7.5 Example. With p=4, ¢=2,n=3, and m=2. Let 7: $3—-S0(3) be the universal
cover. We define 1:5*—S0(3) to be the composite

s+, 835, 5003).

Condition (r,). The composite i5 soA:5*—S0(5) is null-homotopic, since the
homom . rphism i; s.:74(SO(3)) -7, (SO(5)) is zero (see [Wh, p. 200]).

Conditic n (r,). We have J(1)=J(ton,3)=J(1) o 233 =V o 5, where v’ is the clutch-
ing map for the principal bundle S*— Sp(2)— S7. Then ZJ()= ZV o y,, and this has
homotopy order 2 [T, p. 42-43].

7.6 Exanple. Withp=10,q=7,n=5,and m=3. We define 1: $1° - SO(8) to be the
composite '

S0, 87 #,50(8).
Condition (r,). We must show that iz ,04:5'°>50(12) is null-homotopic. By
stability, m; o(SO(12))27,,(SO). By Bott periodicity, n,o(S0)=n,(S0)=0.

Condition (r;). We have J(A)=J(u;ov;)=J(1;)o Z8,=040v,5. Then Z2J(A)
=0y4°V,4 and this has even homotopy order by Toda [T, p. 66].

7.7 Example. With p=10, g=4, n=11, and m=6. Let v:Sp(2)—S0(5) be the
universal cover [Wh, p. 715]. Let ¢:S'°—Sp(2) be the clutching map for the
principal bundle Sp(2)—Sp(3)—S'!. We define 4:5'°—-S0(5) to be the composite

510_%, Sp(2)— SO(5).

Condition (r,). We must show that is ,, o« A: $'°->S0(11) is null-homotopic. This
follows from the fact that n, (SO(11)) has order 2 (see [Ke]), and the formula is 4o
ve@>2ig go U4 0v, from [O].
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Condition (r,). From [O], we have J()=v;c6q. Then 23J(1)=v, 4003, and this
map has even homotopy order [T, p. 66-72].

8 The examples

8.1. Let K=K, ,:8"CS"*? be the simple fibred n-knot, n=2m—1, whose
monodromy has homotopy order ¢ =ab given by Proposition 2.5. Set M equal to
S? x 8§, standardly embedded in S?*97". Let L=0,K) be the frame-spin of K with
respect to the trivial framing. Let A:S7—S0(g+1) satisfy (ry) and (r,). Set
n=g(4): S? x §9—8” x §%. By 7.3 and 7.4, the diffeomorphism # satisfies conditions
(d,), (dy), (d5), and (d,). Let L=1« g ,(K) be the diff-spin of K. Applying 6.3 and 6.5
to this situation, we have the following theorem.

8.2 Theorem. The (m—1)-simple fibred (p+q+2m—1)-knots L and L have
isometric homotopy Seifert pairings, but if c and d are coprime, then the exteriors of L
and L are not homotopy equivalent.

We now spin the knots of 8.2 to obtain a more general result. For >0, let M®
=8P x §Ix S'CSPratt+2m—1 with trivial framing, and let n(t)=g(1) xidg: S? x §¢
x §'—+ 87 x §7x §'. By 5.6, the diffeomorphism n(t) satisfies conditions (d,), (d,),
and (d3). Clearly, it also satisfies (d,). Let I = 6,,(K) and E?=1(t) ope(K).

8.3 Theorem. The (m—1)-simple fibred (p+ q+t+2m—1)-knots IV and L” have
isometric homotopy Seifert pairings, but if ¢ and d are coprime, then the exteriors of
I and Y are not homotopy equivalent.

Applying the computations of Sect.7 to 8.2, we obtain the following
examples.

8.4 Example. Withp=4,q=2,n=3,m=2,and A1:5*>S50(3) as in 7.5. Then d=2,
so choose a 1-simple fibred 3-knot K whose monodromy has odd homotopy order
¢. We obtain 1-simple fibred 9-knots L and L having isometric homotopy Seifert
pairings, but whose exteriors are not homotopy equivalent.

8.5 Example. With p=10,q=7,n=5,m=3,and A:$?°->S0(8) asin 7.6. Then d is
even, so choose a 2-simple fibred 5-knot K whose monodromy has homotopy
order c coprime to d. We obtain 2-simple fibred 22-knots L and L having isometric
homotopy Seifert pairings, but whose exteriors are not homotopy equivalent.

8.6 Example. Withp=10,q=4,n=11,m=6,and A: $'°->SO(8) asin 7.7. Then d is

even, so choose a 5-simple fibred 11-knot K whose monodromy has homotopy

order coprime to d. We obtain S-simple fibred 25-knots L and L having isometric

homotopy Seifert pairings, but whose exteriors are not homotopy equivalent.
We assembile all of the above into the following theorem.

8.7 Theorem. For each integer n29, there exist infinitely many pairs (L, L) of
fibred n-knots such that

(1) L; and L, have isometric homotopy Seifert pairings:

(2) the exterior of L, is homotopically distinct from the exterior of L; for i%}],
and also from the exterior of L; for all j;

(3) the knots L, and L, are 1-simple if n29, 2-simple if n222, and 5-simple if
nz2S5.
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Proof. Choose infinitely many pairs (a;, b;) such that g; is coprime to b,, and a;b;
+ab; for i%j. For n=9 (resp. n=22; n=25), let L, and L, be the n-knots of 8.4
(resp. 8.5; 8.6), obtained from the 1-simple 3-knots (resp. 2-simple 22-knots;
5-simple 25-knots) K, .. [This imposes further conditions on the possible pairs
(a;, b;), but we can still choose infinitely many of them.] For 9 <n <22 (resp. 22<n
<25; n>25), define L, and L, to be the knots I and I of 8.3 with t =n—9 (resp.
t=n—22; t=n—25). Then L, and L, are the desired knots. []

8.8. Concluding remarks. By the remarks after 7.4, the knots of 8.2 reside in the
connectivity/dimension range

m—1 m—1 m—1 <1
p+q+2m—17~2q+3m—1~ 3(m+1) 3’

We conjecture that for any positive number s < 1/3, there exist integers n and r,
with r/n>s, and r-simple fibred n-knots L and L, having isometric homotopy
Seifert pairings and non-homotopy equivalent exteriors. Theorem 8.7 verifies this
conjecture for s=1/5.
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